Introduction
Let K be an algebraic number field with ring of integers O K and let G be a finite group. Given a Galois field extension N/K with Galois group isomorphic to G, we can consider the ring of integers O N as an O K [G]-module. The classical Noether criterion implies that, when N/K is tamely ramified, then O N is a locally free O K [G]-module of rank 1 and determines a class in the locally free class group Cl(O K [G] ) (for a precise definition see (1) in Section 2). Noether's criterion holds in general for G-Galois K-algebras (a K-algebra N is G-Galois if it is étale and G acts on the left on N as a group of automorphisms, such that [N : K] = |G| and N G = K). Hence, as for field extensions, to every tame G-Galois K-algebra we can associate a class in Cl(O K [G] ). Let K c be a chosen algebraic closure of K, then it is well-known that, if Ω t K denotes the Galois group of the maximal tame extension K t /K in K c , then the set of isomorphism classes of tame G-Galois K-algebras is in bijection with H 1 (Ω t K , G) (see [Ser94, Chapter I, §5 ] for a precise definition), the first cohomology set of Ω t K with coefficients in G (where Ω t K acts trivially on G). Hence, thanks to Noether's criterion, we can consider the following morphism of pointed sets:
When G is non-abelian, he managed to prove the following inclusion (this is an unpublished result announced in a talk given in Oberwolfach in February 2002, [McC] -for a detailed proof of it, see [Siv13,  Chapter 2]).
Theorem 1.2. -For every algebraic number field K and finite group G, the inclusion
The proof of the reverse inclusion is still unknown. Indeed, when G is non-abelian and K = Q, determining if R(O K , the dihedral group of order 8, with the assumption that the ray class group modulo 4O K of O K has odd order (see [BS05a] ); and G = A 4 , without any restriction on the base field K (see [BS05b] ). Recently in [BS13] , Nigel P. Byott and Bouchaïb Sodaïgui, under the assumption that K contains a root of unity of prime order p, showed that R(O K [G] ) is a subgroup of Cl(O K [G] ), when G is the semidirect product V C of an elementary abelian group V of order p r by any non-trivial cyclic group C which acts faithfully on V and makes V into an irreducible F p [C]-module (where F p is the finite field with p elements). This last result contains as a corollary the main result of [BS05b] .
More recently, Adebisi Agboola and Leon McCulloh showed that R(O K [G]) is a subgroup of Cl(O K [G]
) when G is a nilpotent group subject to certain conditions (see [AC15] for the original preprint and further details). In the non-abelian context, more has been done in describing a weaker form of R(O K For a complete list of the works on R(M) we refer to [Siv13, Introduction] .
After a general review of the main definitions and tools, the first aim of this paper is to study explicitly the relation between St(O K [G] ) and Cl
• (O K [G] ). In Section 3, we shall prove the following proposition.
Proposition 1. -For every algebraic number field K and finite group G, the inclusion
We shall exhibit an abelian counterexample showing that the reverse inclusion is not in general true.
In Section 4 we shall give the first main result of this paper. As an example of computation of the group St(O K [G]), just using its definition, we shall prove the following theorem.
This result will immediately imply, just using Theorem 1.2, the following corollary. In Section 5 we shall obtain the second main result of this paper concerning the behaviour
) (see [CR87, §52] ). We shall prove the following result.
Theorem 2. -For every finite group G, we have
This will have some nice consequences, such as a new proof of a result by Taylor, contained in [Tay81] , which says that the ring of integers of an abelian tame G-Galois K-algebra is free
A final remark will explain that, if we consider the homomorphism given by extension of the base field ext
, an analogous result to the previous theorem holds.
Notation and conventions. -Let K be an algebraic number field and O K its ring of integers. Given a place p of K, we denote by K p its completion with respect to the metric defined by p: if p is a finite place, then K p is a non-archimedean field which is a finite extension of
will denote the Galois group of the maximal unramified (at finite
and Ω t K (resp. Ω t Kp ) will be the Galois group of the maximal tame extension
. At the infinite places we take 
Throughout this paper, G will denote a finite group, G ab its abelianization and G its set of conjugacy classes. Given an element s in G, we denote by s its conjugacy class. The set of irreducible complex characters of G will be denoted by Irr(G) and R G will stand for the ring of virtual characters of G, i.e. the ring of Z-linear combinations of elements in Irr(G).
If Y is a group acting on the left on a set X, we denote the action of y ∈ Y on x ∈ X by the symbol x y (occasionally by y · x); note in particular that (x y ) z = x zy . If Y is a group acting on two groups H and H , we denote by Hom Y (H, H ) the set of all group homomorphisms from H to H fixed by the action of Y ; in other words, let f ∈ Hom(H, H ), then f ∈ Hom Y (H, H ) if and only if f (h y ) = f (h) y , for all y ∈ Y and h ∈ H. If we choose an embedding of K c in C, then the absolute Galois group Ω K naturally acts on the left on Irr(G) by χ ω (s) = χ(s) ω , where ω ∈ Ω K , χ ∈ Irr(G) and s ∈ G. We extend this action by linearity to R G . When we have an Ω K -action on a set, we can always consider a Ω Kp -action on the same set, considering Ω Kp embedded into Ω K .
Given a rational number a ∈ Q, the symbol a (resp. {a}) denotes its integer (resp. fractional) part.
Review of the main definitions and tools
In this section we briefly recall the main tools needed to describe McCulloh's results on realisable classes. We will not focus on any proof in particular, referring to the original works for more details. We recall from the Introduction that K is an algebraic number field and G a finite group.
Locally free class group
-module, finitely generated and projective as O K -module) and let M p denote the tensor product
-lattices M and N , we say that M is stably isomorphic to N and we denote it by 
that by the previous remark, if G is abelian, dihedral or of odd order, then this is equivalent to say that
M ∼ = O K [G].
Hom-description. -Fröhlich gave a useful description of the locally free class group Cl(O K [G]) in terms of some Ω K -equivariant homomorphisms. This description is well-known as the Hom-description of Cl(O K [G]).
Let us consider the determinant map Det :
, obtained componentwise by the linear extension of the map on Irr(G) given by Det(a)(χ) = det (T χ (a)), where T χ is a complex representation affording the character χ and det is the usual determinant of a matrix. The Hom-description of Cl(O K [G] ) is given by the following isomorphism
, under the previous isomorphism, can be written as
2.6. The map Rag K . -Given a character χ ∈ Irr(G), we define a map det χ on the group G as det χ (s) = det(T χ (s)), where T χ is, as above, a complex representation associated to χ. Note that det χ can be considered as a character of G of degree 1 (or equivalently as a character of G ab ). This definition is independent of the choice of the representation T χ and we can in turn consider the homomorphism det :
Let A G be the kernel of this map, we shall call it the augmentation kernel. Then we can consider the following short exact sequence of groups: 
, where 0 ≤ r i (χ) < e i ; a Z-basis of A G is given by the non-zero elements in the collection
For every finite place p of K, applying the functor Hom(−, (O c K, p ) × ) to the short exact sequence (4), we get the following short exact sequence
where the map rag is just the restriction map to the augmentation kernel (this also explains its name). Now using the local analog of the functor Det, previously defined, we have the following proposition. 
So, from the definition of the map Det and from the identification of Hom Irr(G ab ), (O c K, p ) × with G ab , the map Det : G −→ G ab coincides with the natural quotient map G −→ G ab which sends s ∈ G to its associated coset in G/ [G, G] . Thus Det induces a map Det :
Let us define the pointed set
Taking now the Ω Kp -invariants we deduce the following proposition. 
Proof. -The first part of the proposition follows from Proposition 2.8, applying Ω Kpcohomology. In particular exactness at the top row comes from the fact that any local unramified extension has a normal integral basis generator, while exactness at the bottom row is a consequence of the fact that the map 
From this and using the fact that Hom(Ω 
and we define the group
we see that the restriction map rag :
and Proposition 2.9, yield a group homomorphism
Using the Hom-description of Cl(O K [G]) (see (3)), this can be written as We define a Q-pairing −, − :
Characters of degree 1: If χ is a character of degree 1 and s ∈ G, χ, s is the rational number defined by χ(s) = e 2πi χ,s , such that 0 ≤ χ, s < 1. This was the original definition contained in [McC87] (in the abelian case every irreducible character is of dimension 1). If G is abelian, this already defines, extending it by Q-bilinearity, a Q-pairing −, − :
Characters of higher degree:
If χ is a character of degree bigger than 1, then we define χ, s := res G s χ, s , where res G s χ is the restriction of the character χ to the cyclic group generated by s. Extending it by Q-bilinearity, we have the required pairing for a generic finite group G.
Thanks to this pairing, the Stickelberger map
An important property of A G is given by the following proposition.
Up to now we have not considered the Ω K -action. If we let Ω K act trivially on G, it is easy to see that the Stickelberger map does not preserve the Ω K -action. In order to have such an invariant property we have to introduce a non-trivial Ω K -action on G.
Definition. -Let m be the exponent of G and let µ m be the group of m-th roots of unity.
Restricting
We denote by G(−1) the group G with an Ω K -action defined via the inverse of κ:
If we take a character χ of degree 1, we have χ(s) ∈ µ m and, since χ ω (s) equals χ (s) ω , we get
By bilinearity, we deduce that, for all α ∈ Q ⊗ Z R G and for all s ∈ G(−1),
Applying this to the Stickelberger map, we get
from which we deduce the following proposition.
Proposition 2.12.
The pairing χ, s just depends on the conjugacy class of s ∈ G and hence we denote by Θ G the map, defined by Q-bilinearity as:
Hence, if we write
For every place p of K, we get a local analog just replacing K with K p :
Thus, defining the idèle group J(KΛ) as the restricted product of {(K p Λ p ) × } p with respect to {Λ × p } p , the homomorphisms Θ t
G, Kp
combine to give an idelic transpose Stickelberger homomorphism: 
where the map on the right is the natural map given by the composition of the map Θ t
G, K
:
(and we will denote it again by Θ t
).
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Definition. 
-The Stickelberger subgroup St(O K [G]) is defined as
Furthermore, when G is abelian, we have
Proof. -The equalities concerning the abelian case are proved in [McC87] , while the first inclusions are claimed in some unpublished notes on two talks given by McCulloh in Oberwolfach in 2002 ( [McC] ) and in Luminy in 2011. For a precise proof of them we refer to [Siv13, Chapter 2].
Comparison between St(O K [G]) and Cl
The group Cl 
Proof. -The original proof is contained in [McC77] (see also [McC83] ).
Remark 3.2. -In terms of the Hom-description, we have the following isomorphism
The superscript " • " means that we are considering the homomorphisms f such that f (χ 0 ) = 1, where χ 0 is the trivial character of G (see [BS05a] ). A first answer to these questions is given by the following result.
Considering the inclusion R(O
K [G]) ⊆ St(O K [G]) (
Proposition 1. -For every algebraic number field K and finite group G, we get
Proof. -Let us consider a class c ∈ St(O K [G]) represented in terms of the Hom-description by f ∈ Hom Ω K (R G , J(K c )). In order to prove that c belongs to Cl
Since for every finite group G, the trivial character χ 0 belongs to A G , in order to get f (χ 0 ) we can compute the value of rag(f )(χ 0 ). By the definition of St(
so we can split the computation on χ 0 into the three components on the right. Let us compute these values:
. Thus, when we consider the value g(χ 0 ), we get that, for every ω ∈ Ω K , 
We look at each place p separately and we compute the values at χ 0 . By definition of the map Det and considering an element a :
Now, for every ω ∈ Ω Kp , we have a ω p = a p · s , where s ∈ G. Thus, applying T χ 0 , we get
Combining all together, we can now see that, if we take c ∈ St(O K [G]) and we consider a
, as we wanted to prove.
After this proposition, one may wonder if the reverse inclusion also holds. This is the case for some groups (e.g. G = A 4 , see [BS05b] ), but is not in general true as the next counterexample shows.
Counterexample. Given a prime number p, take G = C p , a cyclic group of order p; then, as shown in [Rim59] , we have Cl(
, where ζ p is a primitive p-th root of unity. Since Cl(Z) is trivial, we get Cl 
Computing the Stickelberger subgroup
In this section we explicitly compute St(O K [G]) in some special cases, just using its algebraic definition and the classical Stickelberger theorem. In particular, we shall prove the next result, already announced in the Introduction.
This result, as explained in the Introduction, implies the following corollary.
Corollary 1. -In the cases of the theorem above, R(Z[G]) is trivial.
4.1. The classical Stickelberger theorem. -First, we briefly recall here some annihilation results for class groups. Let N/Q be a finite abelian extension, by the Kronecker-Weber theorem, N ⊆ Q(ζ n ) (where n is assumed to be the minimal integer with this property and ζ n is a primitive n-th root of unity). If H = Gal(N/Q), then it can be viewed as a quotient of (Z/nZ) × and we denote by σ µ , where µ ∈ (Z/nZ) × , both the element of Gal(Q(ζ n )/Q) which sends ζ n to its µ-th power and its restriction to N . Then the Stickelberger element of N is defined as
We have the following classical theorem. Another useful relation for ideal classes of cyclotomic extensions is given by the next theorem. 
Since any ideal class contains infinitely many primes, this gives a relation on the ideal class group of Q(ζ n ).
Proof. -[Lan94, Chapter IV, §4, Theorem 11]. 
Background on
Proof. -This is a result contained in [Rim59] and here rewritten in terms of the Hom-description, after having recalled the idelic representation of the ideal class group
Note that the element f , representative of c, belongs to Hom
The dihedral group D p is the group of symmetries of a regular polygon with p sides, including both rotations and reflections. It has order 2p and it can be represented as
We will just consider p ≥ 3, note that D 2 is the Klein four-group. If p ≥ 3, the set Irr(D p ) consists of two characters ψ 0 and ψ 0 of dimension 1 and (p − 1)/2 characters ψ j (with j = 1, . . . , (p − 1)/2) of dimension 2. The character ψ 0 is the trivial character, while ψ 0 sends r k to 1 and sr k to −1, for k = 0, . . . , p − 1. The characters ψ j , for j = 1, . . . , (p − 1)/2, are defined as
For D p an analogous result to Lemma 4.5 follows.
Lemma 4.6. -Let p be an odd prime number and let ζ p be as above. The following group isomorphism holds:
Proof. -This follows from the Wedderburn decomposition [CR87, Theorem 50 .25] for more details.
The augmentation kernels
A Cp and A Dp . -As we have already seen in Remark 2.7, we have the following lemma.
Lemma 4.9. -Let p be a prime number, then
An analogous result for the dihedral group D p follows.
Lemma 4.10. -Let p be an odd prime number, then
Proof. -Consider an element α ∈ R Dp and write it as
As det(ψ j ) = ψ 0 , we have
hence, by the definition of A Dp ,
Thus, writing
α j = 2b, we get our claim.
The triviality of Θ t
Cp, Q and Θ t Dp, Q . -Once we know the structure of the augmentation kernel A Cp , we can apply the classical Stickelberger theorem for the computation of
, as the following proposition explains.
Proposition 4.12. -For every prime number p,
(think about the Ω Q -action) and, given an element h ∈ Hom Ω Q (Z[C p (−1)], J (Q(ζ p ))), we immediately understand that, thanks to the Ω Q -action, it is uniquely determined by h(1) and h(t) (where t is the chosen generator of C p ). Indeed σ −1 i · t = t i (remember the twist in the definition of the Ω Q -action on C p (−1)), where, as before, the automorphism
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Proof. -If p = 2, then Cl(Z[C 2 ]) ∼ = Cl(Z) = 1, so there is nothing to prove and in our proof we can assume p = 2. Using the isomorphism L, we have
where (a) is given by the fact that f is a homomorphism, (b) follows since pχ p ∈ A Cp and (c) is given by hypothesis and thanks to the idelic representation of the ideal class group
where in (d) we use the fact that jχ p − χ j p ∈ A Cp and the idelic representation of Cl(Z(ζ p )). Once we know the action of σ j on L(c), we can apply Stickelberger's theorem to the element of Cl (Z[ζ p ]) given by L(c):
where the first equality is exactly Stickelberger's theorem and (e) is assured by σ −1 j = σ j −1 , where j −1 is the inverse of j in (Z/pZ) × belonging to {1, . . . , p−1}. Note that the last equality follows from the fact that jj −1 ≡ 1 mod p and from (17). Finally, putting together (17) and (18), we have L(c) = 1, which, thanks to the isomorphism (16), implies the triviality of c in Cl(Z[C p ]).
Using the isomorphism J given in Lemma 4.6, an analogous result for the dihedral case follows.
Proposition 4.16. -Let p be an odd prime and let f be in
where
, we consider Q c in order to homogenize the notation (we can do it as L and K are both algebraic extensions of Q -cf. (3)). From Theorem 2.17, we know that R(
, with equality when the group G is abelian. An interesting question naturally arises: is the Stickelberger subgroup functorial under this map? Or, more precisely, does the inclusion
In this section we are going to give an affirmative answer to this question, which will have some nice consequences, as explained in the last part.
Changing the base field for the Stickelberger subgroup. -Using the group homomorphisms
The norm map N L/K induces the following well-defined group homomorphisms (for which we will use the same name):
Thus we can prove the next result.
Proposition 5.2. -The following diagram commutes:
Proof. -First of all we claim that the following diagram commutes
which proves our claim. From this, we have
We pass now to the proof of the commutativity of the following diagram
using the fact that every ω acts as an automorphism. On the other side
where in the last equality we used the relation α ω −1 , s = α ω −1 , s = α, s ω = α, s ω = α, s ω , which one can get using the definition of the action of ω on G(−1), the definition of the Stickelberger pairing for the set of conjugacy classes and property (9). This proves the commutativity of (19). The previous two diagrams combine to prove that the following diagram commutes
Hom Ω K Z[G(−1)], J(Q c ) .
Thus the following result now easily follows (this is a refined version of Theorem 2 in the Introduction).
Theorem 5.3. -Given a finite group G and a subfield K of an algebraic number field L, then The following result is valid for every finite group G. 
, and α ∈ A G , we have
(ext L/K (g))(α).
From this we deduce the following inclusions
ext L/K (Ker(Rag K )) ⊆ Ker(Rag L ), ext L/K (St(O K [G])) ⊆ St(O L [G]).
